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The e x p l o r a t i o n  c a p a b i l i t i e s  of  a g i v e n  s p a c e c r a f t -  
l aunch  v e h i c l e  combina t ion  are g r e a t l y  i n c r e a s e d  by a J u p i t e r  
g r a v i t y - a s s i s t  (swingby)  maneuver. Many r e g i o n s  o f  t h e  s o l a r  
sys t em,  which a re  i n a c c e s s i b l e  i n  t h e  d i r e c t  b a l l i s t i c  f l i g h t  
mode, c a n  be  r eached  by s p a c e c r a f t  u s i n g  J u p i t e r  g r a v i t y -  
a s s i s t e d  t r a j e c t o r i e s .  For  example, t h i s  t e c h n i q u e  p e r m i t s  a 
s p a c e c r a f t ,  l aunched  w i t h  an energy  j u s t  s u f f i c i e n t  t o  r e a c h  
J u p i t e r ,  t o  e x p l o r e  r e g i o n s  of t h e  s o l a r  sys t em f a r  beyond t h e  
o r b i t  o f  P l u t o  and t o  c l i m b  as h igh  as f i v e  a s t r o n o m i c a l  u n i t s  
(AU) o u t  of t h e  e c l i p t i c  p l ane .  
w i t h  o n l y  s l i g h t l y  l a r g e r  launch  e n e r g i e s .  
a c h i e v e d  f a r  more r e a d i l y  t h a n  i n  t h e  d i r e c t  b a l l i s t i c  f l i g h t  
mode. 
Greater h e i g h t s  can  be a t t a i n e d  
S o l a r  impact  c a n  be 
The s t u d y  r e s u l t s  a r e  p r e s e n t e d  a s  c o n t o u r s  ( r e g i o n s )  
o f  a c c e s s i b i l i t y  on a l a t i t u d e - r a d i u s  (PN) p l a n e  normal t o  t h e  
e c l i p t i c  p l a n e  f o r  c o n s t a n t  i d e a l  v e l o c i t i e s  ( l a u n c h  e n e r g i e s ) .  
Each c o n t o u r  enve lopes  t h e  l a t i t u d e - r a d i u s  s p a c e  t r a v e r s e d  by 
a l l  t h e  c o n s t a n t  i d e a l  v e l o c i t y  t r a j e c t o r i e s  p a s s i n g  c l o s e  t o  
J u p i t e r .  The i d e a l  v e l o c i t y  i s  t h e  t o t a l  v e l o c i t y  inc remen t  
g i v e n  t o  a s p a c e c r a f t  l aunched  from E a r t h .  The summary f i g u r e  
shows c o n t o u r s  on t h e  PN p l a n e  f o r  i d e a l  v e l o c i t i e s  o f  50,220, 
52,500, 55,000, 60,000, and 65,000 f ee t  p e r  second.  These 
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c o n t o u r s  are symmetr ical  abou t  t h e  e c l i p t i c  p l a n e  and t h e r e f o r e  
o n l y  t h e  upper  h a l f  o f  t h e  con tour  i s  shown. These c o n t o u r s  
show, f o r  example, t h a t  t h e  e n t i r e  s o l a r  system ( e x c e p t  f o r  a 
s m a l l  volume more t h a n  10 AU above and below t h e  Sun) can be 
e x p l o r e d  by s p a c e c r a f t  having  i d e a l  v e l o c i t i e s  o f  65,000 f e e t  
pe r  second.  
G r a v i t y - a s s i s t e d  i d e a l  v e l o c i t y  c o n t o u r s ,  w i t h  maximum 
t i m e  o f  f l i g h t  as a parameter, a r e  compared w i t h  ana logous  con- 
t o u r s  b a s e d  on d i r e c t  b a l l i s t i c  f l i g h t  t r a j e c t o r i e s  < A compar- 
i s o n  o f  r e g i o n s  a c c e s s i b l e  w i t h  b a l l i s t i c ,  J u p i t e r  g r a v i t y -  
a s s i s t e d  and n u c l e a r  e l e c t r i c  l o w  t h r u s t  f l i g h t  modes i s  a lso 
g i v e n  i n  t h e  t e x t .  
a s s i s t e d  t r a j e c t o r i e s  u s i n g  t h e  a c c e s s i b l e  r e g i o n s  method of  
a n a l y s i s  i s  recommended. 
A d d i t i o n a l  s t u d y  of  Venus and Mars g r a v i t y -  
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Repor t  No. T-18 
THE ACCESSIBLE REGIONS PRESENTATION OF 
GRAVITY-ASSISTED TRAJECTORIES USING JUPITER 
1. INTRODUCTION 
The pr imary  o b j e c t i v e  of t h i s  s t u d y  was t o  d e l i n e a t e  
t h o s e  r e g i o n s  of s p a c e  a c c e s s i b l e  t o  s p a c e c r a f t  launched from 
E a r t h  w i t h  a known v e l o c i t y  o n t o  a t r a j e c t o r y  i n c o r p o r a t i n g  a 
J u p i t e r  g r a v i t y - a s s i s t  maneuver. 
d e t e r m i n e  t h e  i n f l u e n c e  o f  l aunch  v e l o c i t y ,  J u p i t e r  m i s s  d i s -  
t a n c e ,  and  o r b i t a l  i n c l i n a t i o n  upon t h e  p o s t - J u p i t e r  t r a j e c t o r y .  
A s econdary  o b j e c t i v e  was t o  
The a c c e s s i b l e  r e g i o n s  method ( N a r i n  1964) o f  p o r t r a y -  
i n g  e n e r g y  and t i m e  o f  f l i g h t  r e q u i r e m e n t s  has  proven e x t r e m e l y  
, u s e f u l  f o r  m i s s i o n  s u r v e y  purposes .  The r e s u l t s  o b t a i n e d  by 
t h i s  s t u d y  a r e  p r e s e n t e d  u s i n g  t h i s  method. 
t r a j e c t o r y  is  t r a c e d  on a p l a n e  PN which i s  normal t o  t h e  e c l i p t i c  
p l a n e ,  and  r o t a t e s  abou t  t h e  Sun such t h a t  t h e  s p a c e c r a f t  a lways 
l i e s  i n  t h e  p l a n e .  
For o r i e n t a t i o n ,  F i g u r e  1 shows t h e  p l a n e t a r y  o r b i t s  a s  p r o j e c t e d  
on t h e  p l a n e  PN. 
E a r t h  and  J u p i t e r  move i n  t h e  e c l i p t i c  p l a n e  i n  c i r c u l a r  o r b i t s  
a b o u t  t h e  Sun. An E a r t h - J u p i t e r  t r a j e c t o r y  t h e n  a p p e a r s  on t h e  
p l a n e  PN as a h o r i z o n t a l  l i n e  i n  t h e  e c l i p t i c  p l a n e ,  o r i g i n a t i n g  
The s p a c e c r a f t  
T h i s  i s  i l l u s t r a t e d  by t h e  f r o n t i s p i e c e .  
It h a s  been assumed i n  t h i s  s t u d y  t h a t  t h e  
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a t  t h e  E a r t h ' s  o r b i t a l  r a d i u s  and t e r m i n a t i n g  a t  J u p i t e r ' s  o r b i t a l  
r a d i u s .  A l l  p o s s i b l e  s p a c e c r a f t  t r a j e c t o r i e s ,  o r i g i n a t i n g  w i t h  
a g i v e n  E a r t h  launch  e n e r g y ,  may be t r a c e d  on t h e  p l a n e  PN. 
The enve lope  of  t h e s e  t r a j e c t o r y  t r a c e s  e n c l o s e s  t h a t  r e g i o n  of  
t h e  s o l a r  sys t em which i s  a c c e s s i b l e  t o  a s p a c e c r a f t  l aunched  
from E a r t h  w i t h  t h e  g i v e n  e n e r g y .  I n  t h i s  manner, t h e  t h r e e -  
d i m e n s i o n a l  s o l a r  sys tem i s  reduced  t o  a two-dimens iona l  s i d e -  
view model.  
l aunched  i s  n o t  p r e s e n t e d  by t h e  a c c e s s i b l e  r e g i o n s  method, 
s i n c e  such  a d a t e  c o r r e s p o n d s  t o  a s p e c i f i c  e a r t h  p o s i t i o n .  
The e x a c t  d a t e  on which a s p e c i f i c  f l i g h t  may be 
J u p i t e r - a s s i s t e d  t r a j e c t o r i e s  have been s t u d i e d  by 
Hunter  (1964) ,  N iehof f  (1965) ,  and P o r t e r  (1965) .  Hun te r  con- 
c l u d e d  t h a t  t h e  launch  ene rgy  r e q u i r e d  f o r  a s o l a r  f l y b y  can  
be r e d u c e d  s i g n i f i c a n t l y  by employing a J u p i t e r  swingby,  a s  
compared t o  a d i r e c t  t r a j e c t o r y  from E a r t h .  P o r t e r  i n v e s t i g a t e d  
some J u p i t e r - a s s i s t e d  t r a j e c t o r i e s  f o r  deep  s o l a r  sys t em p r o b e s ,  
S a t u r n  f l y b y s ,  s o l a r  p r o b e s ,  and  o u t - o f - t h e - e c l i p t i c  m i s s i o n s .  
H i s  s t u d y  of deep  s o l a r  s y s t e m ,  S a t u r n  f l y b y ,  and s o l a r  probe  
m i s s i o n s  was c o n f i n e d  t o  e c l i p t i c  p l a n e  t r a j e c t o r i e s ,  w h i l e  t h e  
n o n - e c l i p t i c  p l a n e  m i s s i o n  work c o n s i d e r e d  o n l y  t r a j e c t o r i e s  
which p a s s  d i r e c t l y  o v e r  t h e  Sun and t r a j e c t o r i e s  which maximize 
t h e  o b t a i n a b l e  v e l o c i t y  component normal  t o  t h e  e c l i p t i c  p l a n e ,  
a f r e r  J u p i t e r  e n c o u n t e r .  Niehoff  g e n e r a t e d  e x t e n s i v e  p a r a m e t r i c  
d a t a  f o r  , J u p i t e r - a s s i s t e d  t r a j e c t o r i e s  c o n f i n e d  t o  t h e  e c l i p t i c  
p l a n e .  T h i s  s t u d y  d e a l s  w i t h  a g e n e r a l i z e d  p r e s e n t a t i o n  o f  
pos- J u p i t e r  e x p l o r a ' i o :  c a p a b i l i t i e s  t o  a l l  r e g i o n s  of t h e  
s o l a r  s y s t e m  ( e c l i p t i c  and n o n - e c l i p t i c ) .  
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2. ASSUMPTIONS AND RESULTS 
Var ious  approx ima t ions  have been made i n  o b t a i n i n g  t h e  
r e s u l t s  o f  t h i s  s t u d y .  As mentioned above,  t h e  E a r t h  and 
J u p i t e r  have  been assumed t o  f o l l o w  c i r c u l a r  o r b i t s  i n  t h e  
e c l i p t i c  p l a n e .  A p e r i h e l i o n  E a r t h  launch  h a s  been assumed, 
i . e . ,  t h e  s p a c e c r a f t  h e l i o c e n t r i c  v e l o c i t y  r e s u l t i n g  from t h e  
l aunch  i s  t a n g e n t  t o  t h e  E a r t h ' s  o r b i t .  
c i r c u l a r  J u p i t e r  o r b i t  and a n o n - p e r i h e l i o n  launch  have been 
i n v e s t i g a t e d  and  are d i s c u s s e d  i n  S e c t i o n  3 . 3 .  Other  a s sumpt ions  
which have  been made i n c l u d e  r e s t r i c t i o n  t o  c o n i c  t r a j e c t o r y  
a n a l y s i s ,  omis s ion  o f  l aunch  o r  i n t e r c e p t  t i m e  c o n s t r a i n t s ,  and 
r e p r e s e n t a t i o n  of t h e  g r a v i t y - a s s i s t  phase  a s  a n  i n s t a n t a n e o u s  
change i n  t h e  s p a c e c r a f t  v e l o c i t y ,  o c c u r r i n g  when t h e  s p a c e c r a f t  
r e a c h e s  t h e  o r b i t a l  r a d i u s  of J u p i t e r .  
The e f f e c t s  o f  a non- 
The r e s u l t s  o f  t h i s  s t u d y  a r e  summarized i n  F i g u r e  2 ,  
where a c c e s s i b l e  r e g i o n  c o n t o u r s  have been p r e s e n t e d  i n  terms 
o f  t h e  i d e a l  v e l o c i t y ,  i . e . ,  t h e  t o t a l  v e l o c i t y  inc remen t  g i v e n  
t o  t h e  s p a c e c r a f t  on l e a v i n g  E a r t h .  A s p a c e c r a f t  l aunched  w i t h  
t h e  s p e c i f i e d  i d e a l  v e l o c i t y  cannot  n e c e s s a r i l y  r e a c h  e v e r y  
p o i n t  e n c l o s e d  by t h e  c o n t o u r ,  s ince ,  a t  t h e  l a r g e r  v a l u e s  of 
i d e a l  v e l o c i t y ,  i n s u f f i c i e n t  energy  loss  i s  accompl ished  i n  t h e  
J u p i t e r  g r a v i t y - a s s i s t  maneuver t o  e n a b l e  t h e  s p a c e c r a f t  t o  
approach  t h e  Sun as c l o s e l y  a s  i n d i c a t e d  by t h e  c o n t o u r .  How- 
ever, t h e  s o l a r  approaches  i n p l i e d  by t h e  c o n t o u r s  can  be 
a c h i e v e d  by l a u n c h i n g  a t  a lesser i d e a l  v e l o c i t y .  The c o n t o u r s  
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a r e  symmetr ic  w i t h  r e s p e c t  t o  t h e  e c l i p t i c  p l a n e ,  b u t  o n l y  t h e  
upper  h a l f  of t h e  s o l a r  s y s t e m  has been shown f o r  s i m p l i c i t y .  
Comparison o f  J u p i t e r - a s s i s  t e d  i d e a l  v e l o c i t y  c o n t o u r s  
w i t h  t h o s e  c o r r e s p o n d i n g  t o  d i r e c t  b a l l i s t i c  f l i g h t  emphas izes  
t h e  i n c r e a s e d  e x p l o r a t i o n  c a p a b i l i t i e s  f u r n i s h e d  by a J u p i t e r  
g r a v i t y - a s s i s t  maneuver. 
a s s i s t e d  c o n t o u r s  w i t h  t h e  d i r e c t  b a l l i s t i c  c o n t o u r s  o b t a i n e d  
by Nar in  (1964) and shows t h e  e f f e c t  of  c o n s t r a i n i n g  t h e  t i m e  
o f  f l i g h t  t o  2 ,  4 ,  6 ,  8 o r  10 y e a r s .  Tn e a c h  c a s e ,  J u p i t e r  
g r a v i t y - a s s i s t  p e r m i t s  accomplishment of  a wide  v a r i e t y  of 
m i s s i o n s  which a r e  n o t  f e a s i b l e  i n  t h e  d i r e c t  b a l l i s t i c  f l i g h t  
mode e 
F i g u r e s  3 t h rough  7 compares J u p i t e r -  
As a n  example,  a s i m p l e  Hohmann t r a n s f e r  t o  J u p i t e r  can  
be t r a n s f o r m e d ,  by a J u p i t e r - a s s i s t ,  i n t o  a n  o u t e r  p l a n e t  p robe  
which p r o c e e d s  f a r  o u t  p a s t  t h e  o r b i t  of  P l u t o .  Such a probe  
c a n  a l s o  a t t a i n  a h e i g h t  o f  f i v e  a s t r o n o m i c a l  u n i t s  o u t  of t h e  
e c l i p t i c  p l a n e .  A nominal  i n c r e a s e  i n  i d e a l  v e l o c i t y  ( f rom 
5 0 , 2 2 0  f t / s ec  t o  52 ,500  f t / s e c )  r e s u l t s  i n  J u p i t e r - a s s i s t e d  
t r a j e c t o r i e s  whicb r e a c h  i a t i t u d e s  of 45 d e g r e e s  n e a r  t h e  Sun. 
An i d e a l  v e l o c i t y  of s l i g h t l y  less t h a n  5 5 , 0 0 0  f t / s e c  p e r m i t s  
c o m p l e t e  e x p l o r a t i o n  of t h e  e c l i p t i c  p l a n e ,  from s o l a r  impact 
t o  s o l a r  sys t em e s c a p e .  An i d e a l  v e l o c i t y  o f  a l m o s t  100,000 
f t / s e c  would be r e q u i r e d  f o r  s o l a r  impact  u s i n g  a d i r e c t  
b a l l i s t i c  f l i g h t .  T h e  e n t i r e  s o l a r  sys t em ( e x c e p t  f o r  a small .  
volume above  and below t h e  Sun a t  h e l i o c e n t r i c  d i s t a n c e s  
g r e a t e r  t h a n  10.6 AU) can be e l p l o r e d  by s p a c e c r a f t  t iaving 
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maximum i d e a l  v e l o c i t i e s  o f  65,000 f t / s e c ,  p rov ided  a J u p i t e r  
g r a v i t y - a s s i s t  maneuver i s  employed. 
A comparison o f  r e g i o n s  a c c e s s i b l e  t o  b a l l i s t i c ,  
. J u p i t e r  g r a v i t y - a s s i s t e d  and n u c l e a r  e l e c t r i c  low t h r u s t  space -  
c r a f t  w i t h  a p p r o x i m a t e l y  e q u a l  s c i e n c e  pay loads  and c o n s t r a i n e d  
~ 
t o  3 y e a r  f l i g h t  times i s  p r e s e n t e d  i n  F i g u r e  8. The t r a j e c -  
t o r y  d a t a  f o r  t h e  b a l l i s t i c  and l o w  t h r u s t  c o n t o u r s  w e r e  ob- 
t a i n e d  from r e p o r t s  by N a r i n  (1964) and F r i e d l a n d e r  (1965) 
r e s p e c t i v e l y .  A s c i e n c e  payload  i n c l u d i n g  e x p e r i m e n t s ,  e x p e r i -  
ment s u p p o r t ,  d a t a  h a n d l i n g  and communications hardware o f  
500 l b s .  was s e l e c t e d  a s  a b a s i s  of  comparison.  The l aunch  
v e h i c l e  f o r  a l l  t h r e e  f l i g h t  modes i s  a T i t a n  l I I C  ( 1 2 0 7 ) .  
T h i s  v e h i c l e  i s  a n  improved T i t a n  IIIC w i t h  7-segment, 120- inch  
s o l i d  motors. For  t h e  b a l l i s t i c  and g r a v i t y - a s s i s t  f l i g h t  
modes a Cen tau r  upper  s t a g e  was added t o  l aunch  t h e  s p a c e c r a f t  
t o  a n  i d e a l  v e l o c i t y  o f  55,000 f t / s ec .  
w e i g h t  i n c l u d i n g  t h e  500 l b s .  s c i e n c e  pay load ,  power, a t t i t u d e  
c o n t r o l ,  gu idance  and s t r u c t u r e  weighs a p p r o x i m a t e l y  2,000 I b s .  
It c a n  be s e e n  t h a t  even  w i t h  a t o t a l  f l i g h t  t i m e  l i m i t  of 3 
y e a r s ,  a J u p i t e r  g r a v i t y - a s s i s t  g r e a t l y  i n c r e a s e s  the  b a l l i s t i c  
r e g i o n  of  e x p l o r a t i o n  o u t - o f - t h e - e c l i p t i c  a s  w e l l  a s  add ing  t h e  





The t o t a l  s p a c e c r a f t  
For  t h e  l o w  t h r u s t  f l i g h t  mode,a h y p o t h e t i c a l  n u c l e a r  
e l e c t r i c  s t a g e ,  NES-1 ( F r i e d l a n d e r  i 9 6 6 ) ,  was combined w i t h  t h e  
T i t a n  I I E C  (1207) .  The i n i t i a l  NES-1 s t a g e  we igh t  i s  20,000 l b s .  
of  wh ich  10,000 l b s .  is  r h e  power p l a n t  w e i g h t ,  2 ,400 l b s .  i s  
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3 .1  A n a l y t i c  Method 
The method used  t o  de te rmine  s p e c i f i c  J u p i t e r - a s s i s t e d  
s p a c e c r a f t  t r a j e c t o r i e s  i s  a n  e x t e n s i o n  o f  t h a t  r e p o r t e d  by 
Niehoff  (1965).  The s p a c e c r a f t  t r a j e c t o r y  may be d e s c r i b e d  i n  
terms o f  t h r e e  d i s t i n c t  phases :  
1. E a r t h - J u p i t e r  phase 
2. J u p i t e r  g r a v i t y - a s s i s t  phase  
3. P o s t - J u p i t e r  phase .  
Each o f  t h e s e  phases  w i l l  be d i s c u s s e d  i n  t u r n .  
During t h e  E a r t h - J u p i t e r  phase ,  t h e  s p a c e c r a f t  i s  
assumed t o  be under  t h e  i n f l u e n c e  of t h e  s o l a r  g r a v i t a t i o n a l  
f i e l d  o n l y .  The s p a c e c r a f t  i s  launched  from E a r t h ,  a t  some 
a r b i t r a r y  t i m e ,  w i t h  a g i v e n  i d e a l  v e l o c i t y  AV and i n j e c t i o n  
f l i g h t  p a t h  a n g l e  y. 
i nc remen t  g i v e n  t o  t h e  s p a c e c r a f t  upon l aunch .  It i s  r e l a t e d  
t o  t h e  h y p e r b o l i c  e s c a p e  v e l o c i t y  VHL by 
The i d e a l  v e l o c i t y  i s  t h e  t o t a l  v e l o c i t y  
AV = (VHL)2 + (36,178)2 + 4000 f t / s e c ,  
where 36 ,178  f t / sec  i s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  f o r  E a r t h  
e s c a p e  l aunch  from Cape Kennedy and t h e  4,000 f t / s ec  t e r m  
c o r r e c t s  f o r  g r a v i t a t i o n a l  and f r i c t i o n a l  l o s s e s  d u r i n g  launch .  
The i n j e c t i o n  f l i g h t  p a t h  a n g l e  y is  t h e  a n g l e  between t h e  
E a r t h ' s  o r b i t a l  v e l o c i t y  and t h e  h y p e r b o l i c  e s c a p e  v e l o c i t y  
(see F i g u r e  9 ) .  An i n j e c t i o n  f l i g h t  p a t h  a n g l e  o f  z e r o  was 
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assumed th roughou t  most of t h i s  s t u d y .  The c o n i c  s e c t i o n  t r a -  
j e c t o r y  of t h e  E a r t h - J u p i t e r  phase i s  c o m p l e t e l y  de te rmined  by 
s p e c i f i c a t i o n  of t h e  i d e a l  v e l o c i t y  and i n j e c t i o n  f l i g h t  p a t h  
a n g l e .  
p l a n e ,  and i s  t e r m i n a t e d  when t h e  s p a c e c r a f t  f i r s t  r e a c h e s  a 
h e l i o c e n t r i c  r a d i u s  e q u a l  t o  t h e  r a d i u s  of J u p i t e r ' s  o r b i t .  
The g r a v i t y - a s s i s t  phase  r e s u l t s  i n  a change i n  t h e  
The E a r t h - J u p i t e r  t r a j e c t o r y  i s  c o n f i n e d  t o  t h e  e c l i p t i c  
s p a c e c r a f t  v e l o c i t y .  
d u r i n g  t h e  g r a v i t y - a s s i s t  phase J u p i t e r  i s  r e p r e s e n t e d  by a 
T h i s  change i s  computed by assuming t h a t  
p o i n t  mass f i x e d  a t  t h e  i n t e r s e c t i o n  o f  t h e  E a r t h - J u p i t e r  t r a -  
j e c t o r y  w i t h  t h e  c i r c l e  r e p r e s e n t i n g  J u p i t e r ' s  o r b i t  (see F i g u r e  9 ) ,  
and t h a t  w i t h i n  a s p h e r e  of i n f l u e n c e ,  c e n t e r e d  a t  t h e  p o i n t  
mass ,  t h e  s p a c e c r a f t  i s  a c t e d  upon o n l y  by J u p i t e r ' s  g r a v i t a t i o n a l  
f i e l d .  
The s p a c e c r a f t  h e l i o c e n t r i c  v e l o c i t y  a s  t h e  s p a c e c r a f t  
* 
e n t e r s  t h e  s p h e r e  o f  i n v l u e n c e  i s  V 2 ,  w i t h  t h e  components VZx, 
and V2z i n  a h e l i o c e n t r i c - e c l i p t i c  c o o r d i n a t e  system. I n  v2Y , 
t h i s  c o o r d i n a t e  sys tem,  t h e  X-axis i s  d i r e c t e d  outward from t h e  
Sun toward  t h e  E a r t h ' s  p o s i t i o n  a t  l a u n c h ,  t h e  Y-axis  and Z-ax i s  
a r e  o r i e n t e d  such  t h a t  t h e  Y-axis l i e s  i n  t h e  e c l i p t i c  p l a n e  and 
a r i g h t - h a n d e d  c o o r d i n a t e  se t  i s  formed. S i n c e  t h e  s p a c e c r a f t  
i s  c o n f i n e d  t o  t h e  e c l i p t i c  p l a n e  d u r i n g  t h e  E a r t h - J u p i t e r  
p h a s e ,  V2z i s  z e r o .  
The d e t a i l s  o f  t h e  g r a v i t y - a s s i s t  phase  a r e  most s imply  
d e a l t  w i t h  i n  a c o o r d i n a t e  sys tem c e n t e r e d  a t  t h e  p o i n t  mass 
r e p r e s e n t i n g  J u p i t e r ,  and moving w i t h  t h e  h e l i o c e n t r i c  v e l o c i t y  
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3 .  DISCUSS I O N  
3 .1  A n a l y t i c  Method 
The method used  t o  de t e rmine  s p e c i f i c  J u p i t e r - a s s i s t e d  
s p a c e c r a f t  t r a j e c t o r i e s  i s  a n  e x t e n s i o n  of t h a t  r e p o r t e d  by 
Niehoff  (1965). 
terms o f  t h r e e  d i s t i n c t  phases :  
The s p a c e c r a f t  t r a j e c t o r y  may be d e s c r i b e d  i n  
I 1. E a r t h - J u p i t e r  phase .  
2 .  J u p i t e r  g r a v i t y - a s s i s t  phase .  
~ I 3 .  P o s t - J u p i t e r  phase .  
Each o f  t h e s e  phases  w i l l  be d i s c u s s e d  i n  t u r n .  
I During t h e  E a r t h - J u p i t e r  phase ,  t h e  s p a c e c r a f t  i s  
1 assumed t o  be under  t h e  i n f l u e n c e  o f  t h e  s o l a r  g r a v i t a t i o n a l  
f i e l d  o n l y .  The s p a c e c r a f t  i s  launched from E a r t h ,  a t  some 
a r b i t r a r y  t ime, w i t h  a g i v e n  i d e a l  v e l o c i t y  AV and i n j e c t i o n  
f l i g h t  p a t h  a n g l e  ' y .  The i d e a l  v e l o c i t y  is t h e  t o t a l  v e l o c i t y  
inc remen t  g i v e n  t o  t h e  s p a c e c r a f t  upon l aunch .  It i s  r e l a t e d  
t o  t h e  h y p e r b o l i c  e s c a p e  v e l o c i t y  VHL by 
AV =7/ (vHI . , )2  + (36,178)*'+ 4000 f t / s e c ,  
where 36,178 f t / s e c  i s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  f o r  E a r t h  
e s c a p e  from a 100 n.m. o r b i t  and t h e  4,000 € t / s e c  t e r m  
c o r r e c t s  f o r  g r a v i t a t i o n a l  and f r i c t i o n a l  l o s s e s  d u r i n g  l aunch .  
The i n j e c t i o n  f l i g h t  p a t h  a n g l e  y i s  t h e  a n g l e  between t h e  
E a r t h ' s  o r b i t a l  v e l o c i t y  and t h e  h y p e r b o l i c  e s c a p e  v e l o c i t y  
( s e e  F i g u r e  9 ) .  An i n j e c t i o n  f l i g h t  p a t h  a n g l e  of z e r o  was 








































FIGURE 9. TWO- DIMENSIONAL HELIOCENTRIC GEOMETRY 
(NOT TO SCALE) 
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assumed th roughou t  most of  t h i s  s t u d y .  The c o n i c  s e c t i o n  t r a -  
j e c t o r y  o f  t h e  E a r t h - J u p i t e r  phase  i s  c o m p l e t e l y  de t e rmined  by 
s p e c i f i c a t i o n  o f  t h e  i d e a l  v e l o c i t y  and  i n j e c t i o n  f l i g h t  p a t h  
a n g l e .  The E a r t h - J u p i t e r  t r a j e c t o r y  i s  c o n f i n e d  t o  t h e  e c l i p t i c  
p l a n e ,  and i s  t e r m i n a t e d  when t h e  s p a c e c r a f t  f i r s t  r e a c h e s  a 
h e l i o c e n t r i c  r a d i u s  e q u a l  t o  t h e  r a d i u s  o f  J u p i t e r ' s  o r b i t .  
The g r a v i t y - a s s i s t  phase  r e s u l t s  i n  a change i n  t h e  
s p a c e c r a f t  v e l o c i t y .  T h i s  change i s  computed by assuming t h a t  
d u r i n g  t h e  g r a v i t y - a s s i s t  phase  J u p i t e r  i s  r e p r e s e n t e d  by a 
p o i n t  mass f i x e d  a t  t h e  i n t e r s e c t i o n  o f  t h e  E a r t h - J u p i t e r  t r a -  
j e c t o r y  w i t h  t h e  c i r c l e  r e p r e s e n t i n g  J u p i t e r ' s  o r b i t  (see 
F i g u r e  9 ) ,  and t h a t  w i t h i n  a s p h e r e  o f  i n f l u e n c e ,  c e n t e r e d  a t  
t h e  p o i n t  mass, t h e  s p a c e c r a f t  i s  a c t e d  upon o n l y  by J u p i t e r ' s  
g r a v i t a t i o n a l  f i e l d .  
The s p a c e c r a f t  h e l i o c e n t r i c  v e l o c i t y  a s  t h e  s p a c e c r a f t  
e n t e r s  t h e  s p h e r e  of i n f l u e n c e  i s  y2, w i t h  t h e  components VZx,  
and  V2z i n  a h e l i o c e n t r i c - e c l i p t i c  c o o r d i n a t e  sys tem.  I n  
t h i s  c o o r d i n a t e  sys t em,  t h e  X-axis i s  d i r e c t e d  outward from t h e  
Sun toward  t h e  E a r t h ' s  p o s i t i o n  a t  l a u n c h ,  t h e  Y-axis  and  Z-ax i s  
a r e  o r i e n t e d  such  t h a t  t h e  Y-axis  l i e s  i n  t h e  e c l i p t i c  p l a n e  
v 2 ~  3 
and a r i g h t - h a n d e d  c o o r d i n a t e  s e t  i s  formed. S i n c e  t h e  s p a c e -  
c r a f t  i s  c o n f i n e d  t o  t h e  e c l i p t i c  p l a n e  d u r i n g  t h e  E a r t h - J u p i t e r  
p h a s e ,  V2z i s  z e r o .  
The d e t a i l s  of t h e  g r a v i t y - a s s i s t  phase  a r e  most s i m p l y  
d e a l t  w i t h  i n  a c o o r d i n a t e  s y s t e m  c e n t e r e d  a t  t h e  p o i n t  mass 
r e p r e s e n t i n g  J u p i t e r ,  and moving w i t h  t h e  h e l i o c e n t r i c  v e l o c i t y  
I I T  R E S E A R C H  I N S T I T U T E  
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* 
VJ, which i s  t h e  o r b i t a l  v e l o c i t y  o f  , J u p i t e r .  
a t e  sys t em,  t h e  s p a c e c r a f t  e n t e r s  t h e  s p h e r e  o f  i n f l u e n c e  w i t h  
t h e  v e l o c i t y  v3, d e f i n e d  a s  
I n  t h i s  c o o r d i n -  
--t 
* 4 -+ 
v3 = v2 - VJ (2) 
S i m i l a r l y ,  t h e  s p a c e c r a f t  d e p a r t s  from t h e  s p h e r e  o f  i n f l u e n c e  
w i t h  t h e  v e l o c i t y  T4, r e l a t i v e  t o  J u p i t e r .  
h e l i o c e n t r i c  d e p a r t u r e  v e l o c i t y  is 
The c o r r e s p o n d i n g  
4 + 4 v5 = v + VJ 4 (3) 
During t h e  g r a v i t y - a s s i s t  p h a s e ,  t h e  S p a c e c r a f t  f o l l o w s  
a h y p e r b o l i c  o r b i t  w i t h  r e s p e c t  t o  t h e  p o i n t  mass r e p r e s e n t i n g  
J u p i t e r .  
t r a j e c t o r y  which i s  o u t  o f  t h e  e c l i p t i c  p l a n e  o n l y  i f  e i t h e r  
t h e  approach  v e l o c i t y  y2 o r  t h e  p o i n t  mass r e p r e s e n t i n g  J u p i t e r  
l i e s  o u t  of t h e  e c l i p t i c  p l a n e .  The d i s t i n c t i o n  between t h e  
two c a s e s  i n  un impor t an t  i n  t h i s  s t u d y .  For  conven ience ,  imagine  
t h a t  t h e  s p a c e c r a f t  h a s  performed some minor mid-course maneuver 
s u c h  t h a t  i s  i s  s l i g h t l y  above o r  below t h e  e c l i p t i c  p l a n e  a s  
i t  approaches  J u p i t e r .  
assumed t o  be p a r a l l e l  t o  t h e  e c l i p t i c  p l a n e .  
by the v e l o c i t i e s  y3 and v4, and  which c o n t a i n s  t h e  h y p e r b o l i c  
swingby t r a j e c t o r y ,  makes a n  ang le  8 w i t h  t h e  e c l i p t i c  p l a n e .  
The p l a n e  of  t h e  swingby t r a j e c t o r y  i s  shown i n  F i g u r e  10. The 
c h a r a c t e r i s t i c  v e l o c i t y  r e s u l t i n g  from t h e  swingby i s  c o m p l e t e l y  
d e t e r m i n e d  by t h e  J u p i t e r  approach v e l o c i t y  V2, t h e  a n g l e  8 ,  and 
The swingby maneuver can r e s u l t  i n  a p o s t - J u p i t e r  
The J u p i t e r  o r b i t a l  v e l o c i t y  yJ i s  
The p l a n e  d e f i n e d  
--t 
-.t 
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JUPITER I /  
FIGURE IO. GRAVITY-ASSIST P H A S E  IN P L A N E  OF SWINGBY TRAJECTORY 
19 
t h e  m i s s  d i s t a n c e  p ( t h e  p e r i a p s i s  d i s t a n c e  of t h e  h y p e r b o l i c  
swingby t r a j e c t o r y  r e l a t i v e  t o  t h e  p o i n t  mass r e p r e s e n t i n g  
J u p i t e r ) .  
The t u r n i n g  a n g l e  cx i s  t h e  a n g l e  between t h e  approach  
and d e p a r t u r e  a sympto te s .  From F i g u r e  10,  
a = . r r - 2 0  ( 4 )  
F i g u r e  10 a l s o  shows t h e  semi-major a x i s  a ,  t h e  semi-minor a x i s  
b ,  and t h e  m i s s  d i s t a n c e  p .  The semi-major  a x i s  i s  t a k e n  a s  
p o s i t i v e  i n  t h i s  r e p o r t .  From t h e  g e o m e t r i c a l  p r o p e r t i e s  of a 
h y p e r b o l a ,  
a + p = c a  (5) 
A 
and 
b L  
E 2  = 1 + (,) , 
where E i s  t h e  e c c e n t r i c i t y .  Combining e q u a t i o n s  (5 )  and ( 6 ) ,  
E may be  e l i m i n a t e d  and  b de t e rmined  a s  
b =i P + zap  (7)  
F i g u r e  10 shows t h a t  
(8) 
-1 b B = t a n  (g). 
S u b s t i t u t i o n  of  e q u a t i o n s  ( 7 )  and (8) i n t o  e q u a t i o n  ( 4 ) ,  and 
u s e  of  t h e  t r i g o n o m e t r i c  i d e n t i t y  
7T -1 1 - t a n  x , t a n  x = 7 -1 ( 9 )  
y i e l d s  f o r  t h e  t u r n i n g  a n g l e ,  
-1 
cy, = 2 t a n  
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The s p e c i f i c  ene rgy  e q u a t i o n  f o r  a hype rbo la  i s  
where k i s  t h e  J u p i t e r  g r a v i t a t i o n a l  c o n s t a n t  (1.267 x 10 8 
km /sec ). 
may be r e g a r d e d  a s  t h e  s p a c e c r a f t  v e l o c i t y ,  r e l a t i v e  t o  J u p i t e r ,  
a t  an  i n f i n i t e  d i s t a n c e  from J u p i t e r .  
app roach  v e l o c i t y ,  e q u a t i o n  (11) may be  s o l v e d  t o  o b t a i n  
3 2 3 --t S i n c e  v3 i s  t h e  a s y m p t o t i c  approach  v e l o c i t y ,  v3 
Using t h e  a s y m p t o t i c  
k a = T  
v3 
S u b s t i t u t i o n  o f  e q u a t i o n  (12 )  i n t o  e q u a t i o n  (10) y i e l d s  
(13)  
-1 k a = 2 t a n  
T h i s  r e s u l t  i n d i c a t e s  t h a t  f o r  a f i x e d  m i s s  d i s t a n c e  p ,  
i n c r e a s i n g  t h e  magni tude  of  the approach  v e l o c i t y  T3 d e c r e a s e s  
t h e  t u r n i n g  a n g l e .  Thus t h e  s l o w e s t  approach  v e l o c i t y  produces  
t h e  g rea tes t  change i n  d i r e c t i o n .  S i m i l a r l y ,  f o r  a f i x e d  v a l u e  
o f  approach  s p e e d ,  a small  m i s s  d i s t a n c e  r e s u l t s  i n  a large 
t u r n i n g  a n g l e .  
s e n t e d  by t h a t  swingby t r a j e c t o r y  which j u s t  g r a z e s  J u p i t e r ' s  
a tmosphe re .  Us ing  71,350 km ( a s  measured from t h e  c e n t e r  of 
J u p i t e r )  f o r  t h i s  d i s t a n c e  y i e l d s  
The smallest m i s s  d i s t a n c e  a t t a i n a b l e  i s  r e p r e -  
( 1 4 )  
a max = 2 tan- '  ( yvr) 1776 
+ 3552 v3 
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f o r  t h e  maximum t u r n i n g  a n g l e ,  where t h e  approach  speed v3 i s  
i n  km/sec.  
5.64 km/sec and t h e  c o r r e s p o n d i n g  maximum t u r n i n g  a n g l e  i s  158 
degrees .  
For  a Hohmann t r a n s f e r  t r a j e c t o r y  t o  J u p i t e r ,  v3 i s  
The components of t h e  h e l i o c e n t r i c  v e l o c i t y  V5, a t  t h e  
end of t h e  g r a v i t y - a s s i s t  phase ,  depend upon t h e  o r i e n t a t i o n  of 
--+ 
v4,  t h e  a s y m p t o t i c  d e p a r t u r e  v e l o c i t y .  Conse rva t ion  o f  energy  
a l o n g  t h e  h y p e r b o l i c  swingby t r a j e c t o r y  r e q u i r e s  t h a t  t h e  depa r -  
t u r e  speed  e q u a l  t h e  approach  speed ,  i . e . ,  
---+ 
I f  p i s  t h e  a n g l e  between t h e  approach v e l o c i t y  v3 and t h e  
h e l i o c e n t r i c  X-axis ,  measured coun te rc lockwise  from v3, t h e n  
-+ 
From where v3x i s  t h e  x-component o f  y3 and s i m i l a r l y  f o r  v 
F i g u r e  11, which shows t h e  r e l a t i o n  o f  t h e  swingby p l a n e  t o  t h e  
e c l i p t i c  p l a n e ,  t h e  components o f  7 ,  a r e  
3Y' 
= v3 c o s  6 cos  (A+)  v4x 
v4Y 
= v3 c o s  6 s i n  (A+)  
v~~ = v3 s i n  6 
where 
s i n  6 = s i n  8 s i n  a 
cos  A = c o s  a / c o s  
and e q u a t i o n  (15 )  has  been employed. 
I I T  R E S E A R C H  I N S T I T U T E  
22 
Z 
FIGURE I I .  THE SWINGBY AND ECLIPTIC PLANES 
23 
Because,  on a h e l i o c e n t r i c  s c a l e ,  b o t h  t h e  r a d i u s  of 
t h e  s p h e r e  o f  i n f l u e n c e  and t h e  r e q u i r e d  d e p a r t u r e  o f  e i t h e r  
J u p i t e r  o r  v3 from t h e  e c l i p t i c  p l a n e  a r e  small, t h e  g r a v i t y -  
a s s i s t  phase  h a s  been assumed t o  o c c u r  a t  a s i n g l e  p o i n t  i n  
s p a c e .  T h a t  i s ,  t h e  s p a c e c r a f t  e n t e r s  t h e  s p h e r e  o f  i n f l u e n c e  
a t  t h a t  p o i n t  where t h e  e c l i p t i c  E a r t h - J u p i t e r  t r a j e c t o r y  f i r s t  
i n t e r s e c t s  a c i rc le  o f  r a d i u s  e q u a l  t o  t h a t  o f  J u p i t e r ' s  o r b i t a l  
r a d i u s ,  namely t h e  p o i n t  P2 i n  F i g u r e  9. The g r a v i t y - a s s i s t  
maneuver i s  t h e n  assumed t o  t a k e  p l a c e  i n  z e r o  t i m e ,  and  t h e  
s p a c e c r a f t  d e p a r t s  from t h e  s p h e r e  o f  i n f l u e n c e  a t  t h e  p o i n t  P2*  
T h i s  i s  e q u i v a l e n t  t o  r e d u c i n g  t h e  s p h e r e  o f  i n f l u e n c e  t o  a 
p o i n t .  
3 
The h e l i o c e n t r i c  v e l o c i t y  a t  t h e  comple t ion  o f  t h e  
swingby phase  i s  de te rmined  by e q u a t i o n  ( 3 ) ,  a s  d i s c u s s e d  above.  
The s p a c e c r a f t  i s  assumed t o  beg in  t h e  p o s t - J u p i t e r  phase  of  t h e  
m i s s i o n  w i t h  t h i s  v e l o c i t y .  The p o s t - J u p i t e r  t r a j e c t o r y  i s  t h e n  
c o m p l e t e l y  de t e rmined  u s i n g  t h e  two-body e q u a t i o n s  of motion.  
3 . 2  Computer Program and C o n s t r u c t i o n  o f  Contours  
A FORTRAN-IV computer  program f o r  t h e  c a l c u l a t i o n  and 
a u t o m a t i c  p l o t t i n g  o f  g r a v i t y - a s s i s t e d  t r a j e c t o r i e s  w a s  deve loped  
a s  p a r t  of t h i s  s t u d y .  
method summarized above ,  and p r o v i d e s  a u t o m a t i c  p a r a m e t r i c  v a r i -  
a t i o n  of t h e  i d e a l  v e l o c i t y ,  m i s s  d i s t a n c e ,  a n g l e  0 ,  and t i m e  
o f  f l i g h t .  
o f  t r a j e c t o r i e s ,  as  p r o j e c t e d  on t h e  p l a n e  PN, by u s e  of  t h e  
CalComp d i g i t a l  i n c r e m e n t a l  p l o t t e r .  The a c c e s s i b l e  r e g i o n s  
The program i s  based  on t h e  a n a l y t i c  
A b a s i c  f e a t u r e  o f  t h e  program i s  a u t o m a t i c  p l o t t i n g  
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c o n t o u r ,  f o r  a s p e c i f i c  i d e a l  v e l o c i t y ,  i s  t h e  envelope  o f  a l l  
p o s s i b l e  t r a j e c t o r i e s ,  as p r o j e c t e d  on t h e  p l a n e  PN, s t a r t i n g  
from E a r t h  w i t h  t h e  s p e c i f i c  i d e a l  v e l o c i t y .  More than  100 
t r a j e c t o r i e s  must be p l o t t e d ,  f o r  each  i d e a l  v e l o c i t y ,  t o  con- 
s t r u c t  t h e  a c c e s s i b l e  r e g i o n s  con tour  w i t h  any accu racy .  
o f  t h e  CalComp p l o t t e r  was e s s e n t i a l  t o  t h i s  s t u d y .  
Use 
The computer program may be used  t o  compute and p l o t  
g r a v i t y - a s s i s t e d  t r a j e c t o r i e s  u s i n g  any s i n g l e  g r a v i t y - a s s i s t i n g  
body, which h a s  a c i r c u l a r  o r b i t  i n  t h e  e c l i p t i c  p l a n e .  T h i s  
s t u d y ,  however, h a s  examined o n l y  J u p i t e r - a s s i s t e d  t r a j e c t o r i e s .  
Output  from t h e  program i n c l u d e s  s p a c e c r a f t  h e l i o c e n t r i c  r a d i u s ,  
l a t i t u d e ,  l o n g i t u d e ,  and t h e  f l i g h t  t i m e  from l aunch ,  a t  a maxi- 
mum o f  100 p o i n t s  a l o n g  t h e  t r a j e c t o r y .  The program r e q u i r e s  
a b o u t  one second o f  computing t ime on an  IBM 7094 t o  g e n e r a t e  
a s i n g l e  comple te  t r a j e c t o r y .  
a b o u t  t h r e e  minu tes  t o  p l o t  t e n  t r a j e c t o r i e s  on a s i n g l e  g r a p h .  
The CalComp p l o t t e r  r e q u i r e s  
F o r  a lmos t  a l l  o f  t h e  J u p i t e r - a s s i s t e d  t r a j e c t o r i e s  
g e n e r a t e d  d u r i n g  t h i s  s t u d y ,  a p e r i h e l i o n  E a r t h  l aunch  was 
assumed ( i n i t i a l  i n j e c t i o n  f l i g h t  p a t h  a n g l e  e q u a l  t o  z e r o ) .  
The J u p i t e r  o r b i t a l  r a d i u s  was t aken  a s  5 .203 a s t r o n o m i c a l  u n i t s  
(one AU = 1.49599 x 10 
r a d i u s  as 71,350 k i l o m e t e r s .  The m i s s  d i s t a n c e  p ,  a s  u sed  by 
t h e  computer  program, i s  i n  u n i t s  o f  J u p i t e r  p l a n e t a r y  r a d i i  
f rom t h e  c e n t e r  o f  J u p i t e r .  
8 k i l o m e t e r s ) ,  and t h e  J u p i t e r  p l a n e t a r y  
A t y p i c a l  CalComp p l o t ,  a s  produced by t h i s  s t u d y ,  i s  
shown i n  F i g u r e  12. Th i s  p a r t i c u l a r  p l o t  shows, on t h e  p l a n e  
PN, a s e t  of t r a j e c t o r i e s ,  each  s t a r t i n g  w i t h  an E a r t h  launch  
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and an  i d e a l  v e l o c i t y  o f  55 ,000  f t / s e c  and t h e n  p a s s i n g  by 
J u p i t e r  w i t h  a m i s s  d i s t a n c e  o f  seven J u p i t e r  p l a n e t a r y  r a d i i .  
The E a r t h - J u p i t e r  t r a j e c t o r y  l i es  i n  t h e  e c l i p t i c  p l a n e .  The 
d i f f e r e n t  p o s t - J u p i t e r  t r a j e c t o r i e s  co r re spond  t o  d i f f e r e n t  
v a l u e s  o f  0 ,  t h e  a n g l e  between t h e  h y p e r b o l i c  swingby t r a j e c t o r y  
and t h e  e c l i p t i c  p l a n e .  Each t r a j e c t o r y  i s  i d e n t i f i e d  by t h e  
symbol d e f i n e d  on t h e  f i g u r e .  T r a j e c t o r i e s  which p a s s  th rough  
t h e  e c l i p t i c  p l a n e  have  been r e f l e c t e d  abou t  t h e  e c l i p t i c  p l a n e ,  
such  t h a t  t h e  p o r t i o n  o f  t h e  t r a j e c t o r y  which i s  below t h e  e c l i p -  
t i c  a p p e a r s  above t h e  e c l i p t i c  i n  t h e  f i g u r e .  
t o r i e s  which c o r r e s p o n d  t o  two 8 v a l u e s  which a r e  symmetric abou t  
180 d e g r e e s  are  m i r r o r  image t r a j e c t o r i e s  w i t h  r e s p e c t  t o  t h e  
e c l i p t i c  p l a n e .  For  example,  t h e  t r a j e c t o r y  c o r r e s p o n d i n g  t o  a 
8 of 190 d e g r e e s  is  i d e n t i c a l  t o  t h e  t r a j e c t o r y  c o r r e s p o n d i n g  t o  
a 8 of 170 d e g r e e s ,  e x c e p t  t h a t  t h e  h e l i o c e n t r i c  l a t i t u d e  of  e a c h  
p o i n t  on t h e  190 d e g r e e  t r a j e c t o r y  i s  t h e  n e g a t i v e  o f  t h e  h e l i o -  
c e n t r i c  l a t i t u d e  of t h e  c o r r e s p o n d i n g  p o i n t  on t h e  170 degree  
t r a j e c t o r y .  Along any t ra jec tory ,  t h o s e  p o i n t s  h a v i n g  Z - c o o r d i n a t e s  
g r e a t e r  t h a n  25 AU have been p l o t t e d  a s  i f  t h e  Z - c o o r d i n a t e  were 
25 AU. T h i s  i s  t h e  o r i g i n  of  t h e  pronounced k i n k  i n  t h e  t r a j e c -  
t o r y  c o r r e s p o n d i n g  t o  a 0 v a l u e  of 90 d e g r e e s  shown i n  t h e  f i g u r e .  
3 . 3  S e n s i t i v i t y  o f  R e s u l t s  
Any two t ra jec-  
The r e s u l t s  r e p o r t e d  above assume t h a t  J u p i t e r  f o l l o w s  
a c i r c u l a r  o r b i t  i n  t h e  e c l i p t i c  p l a n e  a t  a h e l i o c e n t r i c  r a d i u s  
of 5 , 2 0 3  AU. A c c e s s i b l e  r e g i o n s  c o n t o u r s  were o b t a i n e d  w i t h  a 
J u p i t e r  o r b i t a l  r a d i u s  of 4 . 9 5 1  AU, and w i t h  a J u p i t e r  o r b i t a l  
r a d i u s  of  5 .455  AU. The r e s u l t a n t  c o n t o u r s  were i n d i s t i n g u i s h a b l e  
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(on a 50 AU s c a l e )  from t h o s e  o b t a i n e d  assuming a J u p i t e r  o r b i t a l  
r a d i u s  o f  5.203 AU. 
The a c c e s s i b l e  r e g i o n s  c o n t o u r s  p r e s e n t e d  t h u s  f a r  a r e  
based  upon t r a j e c t o r i e s  which a r e  i n i t i a t e d  from a n  E a r t h  p e r i -  
h e l i o n  l aunch .  Non-pe r ihe l ion  l aunches  r e d u c e  t h e  a c c e s s i b l e  
r e g i o n s  volume. As a n  example,  F i g u r e  13 shows a c c e s s i b l e  
r e g i o n s  c o n t o u r s  f o r  an  i d e a l  v e l o c i t y  o f  55,000 f t / s e c  and com- 
p a r e s  a p e r i h e l i o n  launch  w i t h  a n o n - p e r i h e l i o n  l a u n c h .  I n  t h e  
l a t t e r  c a s e ,  t h e  i n j e c t i o n  f l i g h t  p a t h  a n g l e  h a s  been t a k e n  a s  
30 d e g r e e s .  The a c c e s s i b l e  r e g i o n s  c o n t o u r  f o r  v a l u e s  of  i n i t i a l  
f l i g h t  p a t h  a n g l e s  less t h a n  30 d e g r e e s  i s  n e a r l y  i d e n t i c a l  t o  
t h e  a c c e s s i b l e  r e g i o n s  c o n t o u r  assuming p e r i h e l i o n  l aunch ,  p ro -  
v i d e d  t h a t  t h e  o r i g i n a l  l aunch  h y p e r b o l i c  e x c e s s  speed  i s  
m u l t i p l i e d  by c o s  y .  For  example,  i n  t h e  c a s e  i l l u s t r a t e d  by 
F i g u r e  13, a p e r i h e l i o n  l aunch  and a n  i d e a l  v e l o c i t y  o f  55 ,000  
f t / s e c  r e s u l t  i n  a VHL o f  10.96 km/sec. For an  i n i t i a l  f l i g h t  
p a t h  a n g l e  o f  30 d e g r e e s ,  t h i s  VHL m u l t i p l i e d  by c o s  y is  9.49 
km/sec.  
v e l o c i t y  of 51,700 f t l s e c .  Thus t h e  a c c e s s i b l e  r e g i o n s  c o n t o u r  
f o r  a n  i d e a l  v e l o c i t y  o f  55,000 f t / s e c  and y of 30 d e g r e e s  i s  
n e a r l y  i d e n t i c a l  t o  t h e  a c c e s s i b l e  r e g i o n s  c o n t o u r  f o r  a p e r i -  
h e l i o n  l a u n c h  and an  i d e a l  v e l o c i t y  o f  51,700 f t / sec .  
Using  t h i s  v a l u e  of VHL i n  e q u a t i o n  (1) y i e l d s  a n  i d e a l  
F i n a l l y ,  t h e  shape  o f  t h e  p o s t - J u p i t e r  t r a j e c t o r y  i s  
o f t e n  s e n s i t i v e  t o  t h e  g r a v i t y - a s s i s t  phase  p a r a m e t e r s ,  such  a s  
t h e  a n g l e  between t h e  swinaby t r a j e c t o r y  and t h e  e c l i p t i c  p l a n e .  
T h i s  h a s  been  most not iceable  f o r  p o s t - J u p i t e r  t r a j e c t o r i e s  which 
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s t a r t  t h e  p o s t - J u p i t e r  phase  w i t h  h e l i o c e n t r i c  v e l o c i t i e s  
n e a r l y  normal  t o  t h e  e c l i p t i c  p l ane .  An example o f  t h i s  s e n s i -  
t i v i t y  i s  shown i n  F i g u r e  14, which shows t h e  e f f ec t  o f  small  
changes i n  9 on t h e  p o s t - J u p i t e r  t r a j e c t o r y .  S i m i l a r l y ,  a small  
change i n  t h e  J u p i t e r  m i s s  d i s t a n c e  c a n  have s i g n i f i c a n t  e f fec ts  
on t h e  p o s t - J u p i t e r  t r a j e c t o r y .  For  example,  i n c r e a s i n g  t h e  
m i s s  d i s t a n c e  from one J u p i t e r  r a d i i  t o  1 . 2  J u p i t e r  r a d i i  ( a n  
i n c r e a s e  of 14 ,270  k i l o m e t e r s )  raises t h e  Z-ax i s  i n t e r c e p t  of  
t h e  p o s t - J u p i t e r  t r a j e c t o r y  envelope  shown i n  F i g u r e  14 from 
5 . 3  AU t o  6 . 5  AU. 
t o r i e s  t o  d e t a i l s  of t h e  g r a v i t y - a s s i s t  maneuver h a s  i m p o r t a n t  
consequences  i n  t h e  gu idance  r e q u i r e m e n t s  f o r  some t y p e s  of 
m i s s i o n s .  
T h i s  s e n s i t i v i t y  of t h e  p o s t - J u p i t e r  t r a j e c -  









































4.  RECOMMENDATIONS 
T h i s  r e p o r t  h a s  d e a l t  o n l y  w i t h  J u p i t e r - a s s i s t e d  m i s s i o n s .  
The a c c e s s i b l e  r e g i o n s  method s h o u l d  be a p p l i e d  t o  t h e  g r a v i t y -  
a s s i s t e d  t r a j e c t o r i e s  u s i n g  p l a n e t s  o t h e r  t h a n  J u p i t e r .  Al though 
some s p e c i f i c  V e n u s - a s s i s t e d  m i s s i o n s ,  such  as Earth-Venus-  
Mercury (Niehof f  1965,  C u t t i n g  and Sturms 1964) and  s o l a r  
p robes  ( C a s a l  and Ross 1965) ,  have been examined, no comprehen- 
s ive  s t u d y  o f  V e n u s - a s s i s t e d  m i s s i o n s  h a s  been per formed.  The 
a c c e s s i b l e  r e g i o n s  method i s  e s p e c i a l l y  u s e f u l  f o r  such  a s t u d y ,  
and s h o u l d  be a p p l i e d  t o  V e n u s - a s s i s t e d  t r a j e c t o r i e s .  Although 
a M a r s - a s s i s t e d  m i s s i o n  from E a r t h  t o  J u p i t e r  (N iehof f  1964) 
a p p e a r s  t o  o f f e r  no a d v a n t a g e s  over  a d i r e c t  f l i g h t ,  t h e r e  may 
be some c l a s s  o f  m i s s i o n s  which a r e  enhanced by a M a r s - a s s i s t ,  
e . g . ,  a s t e r o i d  m i s s i o n s .  A p p l i c a t i o n  of t h e  a c c e s s i b l e  r e g i o n s  
method t o  M a r s - a s s i s t e d  t r a j e c t o r i e s  would e n a b l e  t h e  m i s s i o n  
p l a n n e r  t o  d e l i n e a t e  c l e a r l y  t h o s e  m i s s i o n s  which a re  a i d e d  by 
M a r s - a s s i s t  from t h o s e  which a r e  n o t .  
F i g u r e  14 and o t h e r  d a t a ,  have  shown t h a t  some t r a j e c -  
t o r i e s  a re  p a r t i c u l a r l y  s e n s i t i v e  t o  c o n d i t i o n s ,  such  a s  
J u p i t e r  m i s s  d i s t a n c e ,  o f  t h e  g r a v i t y - a s s i s t  phase .  T h i s  s e n -  
s i t i v i t y  may have  a profound i n f l u e n c e  on t h e  g u i d a n c e  r e q u i r e -  
ments  f o r  c e r t a i n  t y p e s  o f  m i s s i o n s .  Data p r e s e n t a t i o n  methods 
which p o r t r a y  gu idance  r e q u i r e m e n t s ,  l aunch  t i m e  c o n s t r a i n t s ,  
o r  i n t e r c e p t  t i m e  c o n s t r a i n t s  s h o u l d  be s t u d i e d .  
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